This paper studies the geometry of the group of all co-Hamiltonian diffeomorphisms of a compact cosymplectic manifold (M, ω, η). The fix-point theory for co-Hamiltonian diffeomorphisms is studied, and we use Arnold's conjecture to predict the exact minimum number of fix point that such a diffeomorphism must have (this minimum number is at least 1). It follows that the generating function of any co-Hamiltonian isotopy is a constant function along it orbits. Therefore, we study the co-Hofer norms for co-Hamiltonian isotopies, and establish several co-Hamiltonian analogues of some approximations and reparameterizations results found in the theory of Hamiltonian dynamics, we define two C 0 −co-Hamiltonian topologies, and use these topologies to define the spaces of co-hameomorphisms. Finnaly, we raise several important questions for future studies.
We shall denote by ham * η,ω (M ) the space of all co-Hamiltonian vector fields of (M, η, ω). Definition 1.7. Let (M, η, ω) be a compact cosymplectic manifold. A cosymplectic isotopy Ψ := {ψ t } is called a co-Hamiltonian isotopy, if for each t, the vector fieldψ t is a co-Hamiltronian vector field, i.e.,ψ t ∈ ham * η,ω (M ), for each t. We shall denote by CH η,ω (M ) the space of all co-Hamiltonian isotopies of (M, η, ω), and put
Ham η,ω (M ) := ev 1 (CH η,ω (M )) .
(1.
2)
The elements of the set Ham η,ω (M ) are called co-Hamiltonian diffeomorphisms of (M, η, ω).
Proposition 1.2. [13] Let (M, η, ω) be a cosymplectic manifold. For any X, Y ∈ χ * η,ω (M ), we have [X, Y ] ∈ ham * η,ω (M ). We shall need the following facts.
1. Let {φ t } ∈ CH η,ω (M ) such that I η,ω (φ t ) = df t , for each t. Then, from the relationṡ
, for all p−form α, we derive that 2. Let {φ t } ∈ Iso * η,ω (M ). Then, for each t, we have I η,ω (φ −t ) = −φ * t (I η,ω (φ t )). Also, for each ρ ∈ G * η,ω (M ), and for any co-Hamiltonian isotopy Φ F : t → φ t F , the path Ψ ρ : t → ρ −1 • φ t F • ρ is a co-Hamiltonian isotopy, and I η,ω (Ψ t ρ ) = I η,ω (ρ −1 * (Φ t F )) = ρ * (I η,ω (Φ t F )), i.e., I η,ω (Ψ t ρ ) = ρ * (dF t ), for all t.
The C 0 −topology
Let Homeo(M ) denote the group of all homeomorphisms of M equipped with the C 0 − compact-open topology. This is the metric topology induced by the following distance d 0 (f, h) = max(d C 0 (f, h), d C 0 (f −1 , h −1 )), (1.4) where d C 0 (f, h) = sup x∈M d(h(x), f (x)). On the space of all continuous paths λ : [0, 1] → Homeo(M ) such that λ(0) = id M , we consider the C 0 −topology as the metric topology induced by the following metricd(λ, µ) = max t∈[0,1] d 0 (λ(t), µ(t)).
We will need the following facts.
Remark 1.2. For any smooth map ψ, any vector field X, and any differential k−form β, we have ψ * (ι(ψ * (X))β) = ι(X)ψ * (β). Indeed, pick (k − 1) vector fields Y 1 , . . . , Y k−1 on M , and compute
In particular, if ψ is a diffeomorphism, then we have ι(ψ * (X))β = (ψ −1 ) * (ι(X)ψ * (β)).
Remark 1.3. Let N i , i = 1, 2 be two smooth manifolds, and denote byÑ the Cartesian product N 1 × N 2 . Let p i :Ñ → N i , be the projection for i = 1, 2. We call a section of p i , any map σ i :
1. If N i is equipped with a Riemaniann metric g i , i = 1, 2, then we equipÑ with the product metricg, defined byg = p * 1 (g 1 ) + p * 2 (g 2 ).
2. Let equipÑ with the following equivalence relation ∼ defined by: (x, θ) ∼ (y, β), if and only if, x = y.
3.
Assume that N i is compact for i = 1, 2, then by Tykhonov theorem, so isÑ . For any smooth functionF onÑ , let denote by Cri(F ) the set of all its critical points, sincẽ N is compact, then by Morse theory, we have Cri(F ) = ∅, for each smooth function F onÑ . So, if for each smooth function F onÑ , we denote by Cri (F ) the quotient space Cri(F )/ ∼, then
where A stands for the cardinal of a set A.
It is clear that
To see the above inequalities, let H be any smooth function on N 1 , and define a smooth function F := H • p 1 , onÑ : Assume that d (a,b) F = 0, for some (a, b) ∈Ñ , and that d a H = 0. Consider the section S b : N 1 −→Ñ , x → (x, b), of the projection p 1 , and let X be a vector field on N 1 such that dH(X)(a) = 0 (such a vector field exists since d a H = 0 ), and set Y := (S b ) * (X). Since (a, b) ∈Ñ is a critical point for F , then
This is a contradiction: Hence, any critical point for F , generates a critical point for H. This implies that Γ(Ñ ) ≤ (Cri(H)), for any smooth function H on N 1 .
In particular:
• If N 2 is the unit circle S 1 , then 1 ≤ Γ(Ñ ) ≤ 2, since the hight function on S 1 has two critical points.
• If N 2 is the interval [−1, 1], then Γ(Ñ ) = 1, since the function f : [−1, 1] −→ R, t → t 2 , has one critical point.
• If N 2 is the torus T 2k , then 1 ≤ Γ(Ñ ) ≤ 2k + 1.
2 Co-Hamiltonian geometry We shall need the following result found in [3] . We have the following facts.
Corollary 2.1. Let (M, η, ω) be a cosymplectic manifold, and let (M ,ω) be the corresponding symplectic manifold. Let X be a vector field onM such that ι(X)ω = dH, for a certain smooth function onM . Then, for any given two sections S l : M x → (x, l) ∈M , and
Proof. Since ι(X)ω = dH, we derive that for any l ∈ S 1 (fixed), we have d(H • S l ) = S * l (dH) = S * l (p * (ι(p * (X))ω) + p * (ι(p * (X))η)π * 2 (dθ) − (ι(X)π * 2 (dθ)) p * (η)) = ι(p * (X))ω − S * l (ι(X)π * 2 (dθ)) η. So, we derive from Remark 1.2, that ι(X)π * 2 (dθ) = π * 2 (ι((π 2 ) * (X))(dθ)), and hence
Thus, for any given two sections S l : M x → (x, l) ∈M , and S k : M x → (x, k) ∈M with l, k ∈ S 1 (fixed), of the projection map p :M → M, we have
where π 2 :M → S 1 , is the projection map.
If the manifold M is closed, then we must have ((dθ)(ι((π 2 ) * (X))(k) − (dθ)(ι((π 2 ) * (X))(l)) = 0, for all l, k ∈ S 1 : Indeed, if ((dθ)(ι((π 2 ) * (X))(k) − (dθ)(ι((π 2 ) * (X))(l)) = 0, for some l, k, then we shall have
.
That is, the 1−form η is exact, and this together with Stokes' theorem would imply that
where dim(M ) = 2n + 1. Relation (2.1) is a contradiction. Proposition 2.3. Let (M, η, ω) be a compact cosymplectic manifold. If Φ F = {φ t } is any co-Hamiltonian (resp. cosymplectic) isotopy such that I η,ω (φ t ) = dF t , for all t, then the isotopyΦ = {φ t } defined byφ
is symplectic isotopy of the symplectic manifold (M ,ω), and fromφ * t (ω) =ω, we derive that
composing the above equality with the pull-back map of any section S l : x → (x, l), with l ∈ S 1 (fixed) of the projection map p, we derive that φ * t ω = ω. On the other hand, we derive from
By Remark 1.2, we also have
, and composing this equality with the pull-back map of any section S l : x → (x, l), with l ∈ S 1 (fixed), of the projection map p gives −η = (φ t ) * (−η).
Hence, the path t → φ t is a cosymplectic isotopy of (M, η, ω). In particular, ifφ t is a Hamiltonian isotopy of (M ,ω) with HamiltonianH, then from ι(φ t )ω = dH t , we derive that
for each t. So, composing the latter equality with
is a co-Hamiltonian isotopy with HamiltonianH • S l . Note that by Corollary 2.1, for any given two sections Proof. Let ψ be any co-Hamiltonian diffeomorphism, and let Φ F = {φ t } be any co-
Hamiltonian isotopy of (M ,ω). So, by the Arnold conjecture [7] ,φ 1 = (ψ, R Λ 1 (Φ F ) ) must have at least as many fixed points as the minimal number of critical points of a smooth function on the closed symplectic manifold (M ,ω). On the other hand, observe that each fix point (x 0 , l) forφ 1 , generates x 0 as a fix point for ψ, and nothing is excluding the possibility for (x 0 , s) to be another fix point forφ 1 , for some s = l. Hence, it is sure from the Arnold conjecture [7] , that
where ∼ is the equivalence relation defined in Remark 1.3.
Remark 2.1. The following fact is a consequence of the above lemma. If for any co-Hamiltonian diffeomorphism ψ, we denote by F ix(ψ) the set of all its critical points, then the set F ix(ψ) contains some z ∈ M such that 1 0 η(φ s )(z)ds = 0, for any co-Hamiltonian isotopy Φ F = {φ t } with time-one map ψ, and since the function x → η(φ t )(x) is constant for each t, we then derive that for any co-
Let X be a co-Hamiltonian vector field of (M, η, ω), and let Φ X be its flow. Since
for all t, and for all z ∈ M . So, not necessary as in symplectic geometry where the Hamiltonian is constant along the orbits of its flow; in the cosymplectic case, the first impression we have is that along the orbit t → Φ t X (p), the energy function G, increases with time, and we have
for all t, and for all z ∈ M . Therefore, it seems that in such a dynamics system, given a co-Hamiltonian vector field X of (M, η, ω), the orbit t → Φ t X (p) is σ−periodic if and only if, σ 0 η(X) 2 (Φ s X (p)) ds = 0;
and since the map s → η(X) 2 (Φ s X (p)), is positive and continuous, then the orbit t → Φ t X (p) is σ−periodic if and only if, η(X)(Φ s X (p)) = 0, for all s ∈ [0, σ].
Proposition 2.4.
[13] Let Φ := {φ t } be a cosymplectic isotopy, and α be any closed 1−form of M . We have,
, . is the usual Poincaré scalar product, and S η,ω is the cosymplectic flux homomorphism.
We have the following facts. 
On the other hand, since S η,ω (Φ) = 0, and the function x → ∆(Φ, α)(x) is constant for each closed 1−form α of M (see [14] ), we derive from Proposition 2.3 that In particular, we have
Proof. Let Φ = {φ t } be any co-Hamiltonian isotopy, and define a Hamiltonian isotopỹ Φ = {φ t } of the symplectic manifold (M ,ω) as follows:φ t := (φ t , R Λt(Φ) ), for each t. By the Arnold conjecture [7] , there exists (z, s) ∈ (M ,ω) such thatφ 1 (z, s) = (z, s). This implies that, 1 0 C(Φ, η) t (z)dt = 0. Therefore, we derive as in the proof of Lemma 2.3 that M ∆(Φ, α)η ∧ ω n = 0, for all closed 1−form α of M . In particular, from the inequalities,
we derive that min Proof. Let ψ be a co-Hamiltonian diffeomorphism, and pick z ∈ F ix(ψ). Consider Φ = {φ t } to be any co-Hamiltonian isotopy with time-one map ψ, and define a Hamiltonian isotopyΦ = {φ t } of the symplectic manifold (M ,ω) as follows:
which means that (z, θ) is a fix point forφ 1 , hence by the contractibility result of the orbits of fixed points for Hamiltonian diffeomorphisms found in [9] , [14] , it follows that
for each θ ∈ S 1 , and for all closed 1−form α of M . Lemma 2.5. Let X be a co-Hamiltonian vector field such that I η,ω (X) = dG. If Φ X is the co-Hamiltonian flow generated by X, then the function G is constant along the orbits of Φ X .
Proof. For simplicity, set Φ X = {φ t }. Since Φ 1 X has a fix point z ∈ M , then we derive from (2.2) that 1 0 (η(X) 2 (φ s (z))) ds = 0. The map s → η(X) 2 (φ s (z)) being is positive and continuous, then the vanishing of the integral 1 0 (η(X) 2 (φ s (z))) ds, implies that η(X) 2 (φ s (z)) = 0, for all s ∈ [0, 1]. Since the map x → η(X) 2 (φ s (x)) is constant for each s, then the latter must be trivial since M is connected, and η(X) 2 (φ s (z)) = 0, for all s ∈ [0, 1]. Therefore, again from (2.2), it follows that G • Φ s X = G, for all s ∈ [0, 1] because the function x → 1 0 (η(X) 2 (φ s (x))) ds, is trivial.
Co-Hofer geometry
The oscillation of any smooth function f is given by the following formula,
Observe that any constant function on M admits a trivial oscillation i.e oscillation is degenerated on the space C ∞ (M, R). Thus, the oscillation cannot define a norm over the space C ∞ (M, R). Its restriction to the space of smooth functions f satisfying M f η∧ω n = 0, is a norm and we have:
. osc(f ) = 0 ⇔ f = 0.
Co-Hofer lengths, [13]
Let Φ F = {φ t } be a co-Hamiltonian isotopy such that I η,ω (φ t ) = dF t , for all t, then in [13] , its two versions of co-Hofer lengths are defined as:
Furthermore, since for any co-Hamiltonian isotopy Φ F = {φ t } we have,
, for all t, and
for each t, we derive that
and,
Thus, the lengths l ∞ CH , and l (1,∞) CH are symmetric. Also, for each ρ ∈ G * η,ω (M ), the co-Hamiltonian isotopy Ψ ρ : t → ρ −1 • φ t F • ρ has the same length than Φ F . Now, consider a symplectic manifold (M ,ω), defined as in Lemma 2.1. In [13] , it is showed that if Φ F = {φ t } is a co-Hamiltonian isotopy such that I η,ω (φ t ) = dF t , for all t, with φ 1 = id M , and φ 1 completely displace a closed ball B 0 ⊂ M , then we have 
Then we must have φ = ψ 1 .
Approximation and reparameterization in co-Hofer geometry
Given two co-Hamiltonian isotopies Φ F = {φ t } and Ψ H = {ψ t } such that I η,ω (φ t ) = dF t , and I η,ω (ψ t ) = dH t for all t, one defines the distances between them as:
We have the following reparameterization lemmas. Their proofs follow from an adaptation of similar results found in [2] , [11] , and [14] .
Reparameterization of co-Hamiltonian isotopies
We shall need the following basic facts. Let Φ F = {φ t } be any co-Hamiltonian isotopy such that I η,ω (φ t ) = dF t , for all t, and let ξ : [0, 1] → [0, 1] be a smooth function, then the reparameterized path t → φ ξ(t) , denoted Φ ξ F , is generated by the element F ξ : t → F ξ(t) . In fact, set ψ t := φ ξ(t) , and fromψ t =ξ(t)(φ ξ(t) ), derive that For short, a co-Hamiltonian path {φ t } is boundary flat if there exists a constant 0<δ<1 such that φ t = id M for all 0 ≤ t<δ, and φ t = φ 1 for all 1 − δ<t ≤ 1.
Boundary flat co-Hamiltonian isotopies
We have the following results. Lemma 3.1. If Φ F = {φ t } is any co-Hamiltonian isotopy such that I η,ω (φ t ) = dF t , for all t, and ξ j : [0, 1] → [0, 1], j = 1, 2 are two smooth monotonic functions, then there exists a positive constant C(H, η) which depends on H and η, such that,
We shall give a complete proof of Lemma 3.1 later on. Here is an immediate consequence of Lemma 3.1.
t } be a Cauchy sequence of co-Hamiltonian isotopies with respect to the metric D (1,∞) CH , and ξ l : [0, 1] → [0, 1], l = 1, 2 be two monotonic smooth functions. Let >0 be given.
1. There exists a positive constant δ = δ(F i ) which depends on the sequence {F i }, and a larger positive integer j 0 = j 0 (F i ) which depends on the sequence {F i }, such that if the inequality ξ 1 − ξ 2 ham <δ holds, then
for all i ≥ j 0 .
2. There exists a positive constant τ = τ (F i ) which depends on the sequence {F i }, and a larger positive integer j 0 = j 0 (F i ) which depends on the sequence {F i }, such that
for all i ≥ j 0 , whenever d C 0 (λ, µ)<τ .
Proof. For (1), since Φ F i = {φ i t } is Cauchy with respect to the norm D (1,∞) CH , one can choose an integer j 0 large enough such that D (1,∞)
Assume this is done, and apply Lemma 3.1 with Φ F j 0 , ξ 1 , and ξ 2 to derive that there exists a constant C which depends on F j 0 and η such that, D (1,∞)
as long as ξ 1 − ξ 2 ham <δ, and i ≥ j 0 . For (2), choose an integer j 0 large enough such that D (1,∞)
From the uniform continuity of the maps x → F j 0 (x), and x → C(Φ F i , η)(x) (this last map is a constant map), we derive that there exists τ >0 such that
Then, we apply the triangle inequality as in (1) to conclude.
Proof. Let be a positive real number, and consider ξ : [0, 1] → [0, 1] to be any smooth and increasing function which is the trivial map 0 on [0, δ] and the constant map 1 on [1−δ, 1] where 0<δ<1/13. Therefore, define H to be the element F ξ obtained by re-parametrising F via the curve ξ as explained in Subsection 3.1. It follows from the definition of the curve ξ that the co-Hamiltonian isotopy Ψ H is boundary flat and it has the same extremities than Φ F . Applying Lemma 3.1 with ξ 1 = id [0,1] and ξ 2 = ξ, we derive from the above arguments that D 
Finally, to conclude, it suffices to choose the function ξ so that ξ − id [0,1] ham ≤ min{ /C(F, η); /l 0 ; }.
Proof of Lemma 3.1. Let Φ F be a co-Hamiltonian isotopy generated by F .
•
Step (1) . Consider the normalized function V = F ξ 1 − F ξ 2 , and compute
for each t. Since the map (t, x) → F t (x) is smooth on a compact set, it is Lipschitz, i.e., there exists a positive constant k 0 which depends on F such that max x∈M |F t (x)−F s (x)| ≤ k 0 |t−s| for all t, s ∈ [0, 1]. The latter Lipschitz inequality together with (3.7) yields
(3.8) Similarly, one can check that
(3.9) Adding (3.8) and (3.9) member to member, and integrating the resulting inequality in the variable t gives 
, for each t, and hence
The Lipschitz nature of the map t → η(φ t ) implies that there exists a positive constant c 0 such that |η(φ t ) − η(φ s )| ≤ c 0 |t − s| for all s, t ∈ [0, 1]. This Lipschitz inequality together with (3.11) yields
Finally, adding (3.14) and (3.12) member to member implies that
Lemma 3.4. Let Φ F = {φ t F } be a co-Hamiltonian isotopy such that M F t η ∧ ω n = 0, for all t. Then, there exists a positive constant C which depends only on F and η so that, for any given positive real number , one can find a co-Hamiltonian isotopy Φ H = {φ t H } such that
can be made as small as we want,
where Id : t → id M , is the constant path identity.
Proof. Let Φ F = {φ t F } be a co-Hamiltonian isotopy, and let be a positive real number. We choose a smooth reparameterization curve χ : [0, 1] → [0, 1] with the following properties:
1. χ ≡ 0 near t = 0 and χ ≡ 1 near t = 1,
Take H := F χ : it is easy to see that H satisfies the three first properties of Lemma 3.4. For (4), by the smoothness of F and the compactness of M the map t → F t is Lipschitz i.e there exists a constant K 0 such that
Since by assumption we have M F t η ∧ ω n = 0, for all t, we derive that MB t η ∧ ω n = 0, max x∈MBt (x) ≥ 0, and − min x∈MBt (x) ≥ 0, for all t. Compute
Combining the above statements we obtain :
for all t. That is, max t (osc(F t − H t )) ≤ 4K 0 + 2 max t (osc(F t )). (3.14) On the other hand, compute,
where L 0 is the Lipschitz constant of the map t → η(φ t ). The above estimates imply that :
We derive from the relations (3.14) and (3.16) that : Id) . (resp. with respect to the metric D ∞ CH ) such that d(Φ H i , λ) −→ 0, i −→ ∞.
We denote by Cohameo (1,∞) η,ω (M ) (resp. Cohameo ∞ η,ω (M )) the set of all cohameomorphisms of any compact cosymplectic manifold (M, η, ω) in the L (1,∞) context (resp. in the L ∞ context).
Finally we list the following problems which arise from various definitions introduced in the present paper. These will be subjects of future study. 1. In [5] , Hofer has proved that for any given two compactly supported Hamiltonian diffeomorphisms φ, and ψ of R 2n , on can control the Hofer distance between φ, and ψ by the C 0 −distance between φ, and ψ whenever supp(φ • ψ −1 ) is controlled. Regarding the correlation between cosymplectic manifolds and symplectic manifolds, it could be interesting to investigate the cosymplectic analogue of such a nice result.
